In this paper we investigate the general combinatorical structure of the truth tables of all bracketed formulae with n distinct variables connected by the binary connective of implication, an m-implication.
Notation
(1) p 1 , p 2 , . . . , p n and φ, ψ are propositional variables.
(2) 'True' will be denoted by 1 (3) 'False' will be denoted by 0 (4) Set of counting numbers is denoted by N = {1, 2, 3, 4, . . .} (5) Set of even counting numbers is denoted by E (6) Set of odd counting numbers is denoted by O (7) : such that (8) ν is the valuation function : ν(φ) = 1 if φ is true, and ν(φ) = 0 if φ is false. 14) is for QED.
Preface
This project begun with the following question: Can we count the number of true entries in truth tables of bracketed formulae connected by implication, and modified-implication rules?
The primitive answer is to get the number of false entries then subtract it from the total number of entries. But this calculation is not precise enough to see the fruitfulness of the truth tables of these kind. In this project we have underlined that 'unlike the false entries in the truth tables that are connected by the binary connective of implication or by m-implication, true entries are not homogeneous structures'. The cover picture on the title page is designed to give an intuitive background for this inhomogeneous structure.
By reading this project the reader will encounter eight Catalan like sequences, and their asymptotics. We have started this project by counting the total number of entries (or rows), in all truth tables for bracketed implication. Then in section 3, we used the recurrence relation of the total number of rows and we worked backwards to find out the general structure of the truth tables. Alas, we showed that the structure of the recurrence relation of the true, or false entries is inherited from the structure of the recurrence relation of the total number of entries. In section 4 and 6 we counted the true entries first in using ordinary implication, and later in modified binary connective of implication. In section 5 and 7 we dealt with asymptotic of the sequences that we have seen in section 4 and 6 respectively. In the last section we showed that the sequences that are in section 4 and 6 preserve the parity of Catalan numbers.
Volkan Yildiz, 24-May-2012, London.
Introduction
In [2] and [7] we have mentioned that the total number of rows in all truth tables of bracketed implications with n distinct variables is g n and it has the following generating function and the explicit formula respectively:
, and g n = 2 n C n , where C n is the nth Catalan number and C n = 1 n 2n − 2 n − 1 .
By using the explicit formula it is straightforward to calculate the values of g n . The table below illustrates this up to n = 12. Proposition 2.1 Let g n be the total number of rows in all truth tables for bracketed implication with n distinct variables p 1 , . . . , p n . Then
Proof [First Proof] For p 1 → . . . → p n there are 2 n rows and C n columns, hence there are 2 n C n rows altogether.
, with g 1 = 2.
[Second proof, 'intuitive']
Consider n distinct propositions p 1 , . . . , p n , for i ≥ 1:
There are g i rows for p 1 → . . . → p i , and there are g n−i rows for p i+1 → . . . → p n , and the number of choices is given the recurrence relation (1) .
General Structure
To see the combinatorical structure of the truth tables of bracketed formulae connected by implication, we need to make use of the method of working backwards. This method allows us to avoid unnecessary choices altogether. In ancient Greek it was mentioned by the mathematician Pappus and in recent times the method of working backwards has been discussed G. Polya. Recall that
Since each table consists of false and true rows, we let g i = t i + f i , where t i , f i is the corresponding number of 'true', 'false' rows in g i respectively. Then
If we expand the right hand side:
We can now partition the right hand side into more tangible cases and explain what each of these summands mean. Let ψ and φ be propositional variables, and let ν be the valuation function, then
Therefore there are three cases to consider here:
Addition to the three cases in above there is also the fourth case, known as the 'disastrous combination' :
The four cases in equation (2) coincide with the four cases in the penultimate lines respectively, and we get the following theorem:
Theorem 3.1 Let g n be the total number of rows in all truth tables of bracketed implications with n distinct variables. Then for n ≥ 2, g n can be partition into four cases as below
, and f 1 = 1.
In coming parts of this paper we will investigate each of the above cases in more detail.
4 Counting true entries in truth tables of bracketed formulae connected by implication
Case 4
Let ψ and φ be propositional variables, then
This case has been discussed already in [2] ; we had the following results.
Theorem 4.1 Let f n be the number of rows with the value "false" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of implication. Then
and for large n, f n ∼ 3− √ 3 6 2 3n−2 √ πn 3 . Where C i is the ith Catalan number.
If we look closely to the recurrence relation (3), since t i = (2 i C i − f i ) we obtain the 'case 4' in equation (3):
First ten terms of {f n } n>0 are, We have also shown in [2] that f n has the following generating function:
We have also shown in [8] that the sequence {f n } n≥1 preserves the parity of Catalan numbers.
Case 3
In this case we are interested in formulae obtained from p 1 → . . . → p n by inserting brackets so that the valuation of the first i bracketing and the rest (n − i) bracketing both give 0, 'false'. The table 1 below shows the truth tables, (merged into one), for the two bracketed implications in n = 3 variables. The corresponding case 3 truth values are denoted in green.
Proposition 4.2 Let t

#3
n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of implication such that the valuation of the first i bracketing and the rest (n − i) bracketing both give 0, 'false'. Then
Proof A row with the value 1, 'true', comes from an expression ψ → φ, where ν(ψ) = 0 and ν(φ) = 0. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition. 
It is now very easy to find out the generating function of t
n by using the relation (4).
, and hence we get the following proposition: n } n≥0 is given by
.
By using Maple we find the first 21 terms of this sequence: 
Case 2
In this case we are interested in formulae obtained from p 1 → . . . → p n by inserting brackets so that the valuation of the first i bracketing give 0, 'false', and the rest (n − i) bracketing give 1, 'true'. n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of implication such that the valuation of the first i bracketing is 0 and and the rest (n − i) bracketing gives 1. Then,
Proof A row with the value 1, 'true', comes from an expression ψ → φ, where ν(ψ) = 0 and ν(φ) = 1. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition. 
The table 2 above, (merged into one), for the two bracketed implications in n = 3 variables, indicates the corresponding truth values in bold.
More explicitly,
Thus for n ≥ 2, Case 2 coincides with Case 4, which we have investigated in great detail in [2] , and in [8] .
Proposition 4.6 The generating function for the sequence {t #2 n } n≥0 is given by
Case 1
In this case we are interested in formulae obtained from p 1 → . . . → p n by inserting brackets so that the valuation of the first i bracketing and the rest (n − i) bracketing give 1, 'true'. Table 3 , (merged into one), for the two bracketed implications in n = 3 variables, indicates the corresponding truth values in red. 
n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of implication such that the valuation of the first i bracketing and and the rest of (n − i) bracketing gives 1. Then,
Proof A row with the value 1, 'true', comes from an expression ψ → φ, where ν(ψ) = 1 and ν(φ) = 1. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition.
then it is easy to find that T 1 (x) has the following explicit algebraic representation: Proposition 4.8 The generating function for the sequence {t #1 n } n≥0 is given by
By using Maple we find the first 21 terms of this sequence: Table 4 : The below truth tables, (merged into one), for the five bracketed implications in n = 4 variables. Where Case 1 is in red, case 2 in black, case 3 in green and case 4 is indicated in blue. p In this chapter we will mainly make use of the asymptotic techniques that we have mentioned in [7, pg 6-7] , and in [2, pg 6-7] . In [2] we have shown that the following asymptotic results for the sequence {f n } n≥1 are true:
Theorem 5.1 Let f n be number of rows with the value false in the truth tables of all the bracketed implications with n variables. Then
Corollary 5.2 Let g n be the total number of rows in all truth tables for bracketed implications with n variables, and f n the number of rows with the value "false". Then lim n→∞ f n /g n = (3 − √ 3)/6.
n be number of rows with the value true in the truth tables of all the bracketed implications with n variables, case 3. Then
Proof Recall that
By using the asymptotic techniques which we have discussed in [2] and [7] , we found that r =
where we have used l'Hôpital's Rule in the penultimate line. Finally,
and the proof is finished.
Recall that
n be number of rows with the value true in the truth tables of all the bracketed implications with n variables, case 2. Then
Proof Same as for f n , see [2] .
n be number of rows with the value true in the truth tables of all the bracketed implications with n variables, case 1. Then
The importance of the constants
= 0.077350269189 , Corollary 5.6 Let g n be the total number of rows in all truth tables for bracketed implications with n variables, then
The table below illustrates the convergence : 
gn , and P #4 = fn gn , then for n > 2,
Corollary 5.8
6 Counting true entries in truth tables of bracketed formulae connected by modified implication A number of new enumerative problems arise if we modify the binary connective of implication as in below.
Type 1
Definition 6.1 Let ψ, and φ be propositional variables then
Thus for any valuation ν, ν(ψ φ) = 0 if ν(ψ) = 1 and ν(φ) = 1, 1 otherwise;
Addition to the three cases in above there is also the fourth case, known as the disastrous combination :
Let y n , and d n be the number of rows with the value "false" and "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 1, respectively. Then using theorem 3.1,
Thus if we expand the right hand side
The four cases in equation (8) coincide with the four cases in the penultimate lines respectively. Let
, and y 1 = 1.
Case 4
This case has been manifested in [7] , and in summary we had the following results:
Theorem 6.2 Let y n be the number of rows with the value "false" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 1, case 4. Then
and for large n, y n ∼ 10−2 √ 10 20 2 3n−2 √ πn 3 . Where C i is the ith Catalan number.
If we look closely to the recurrence relation (9), since d i = (2 i C i − y i ) we obtain the 'case 4' in equation (8):
The first ten terms of the sequence {y n } n≥1 are:
1, 1, 6, 29, 162, 978, 6156, 40061, 267338, 819238, . . .
We have also shown in [7] that y n has the following generating function
We have also shown in [7] that the sequence {y n } n≥1 preserves the parity of Catalan numbers. 
Case 3
In this case we are interested in formulae obtained from p 1 . . . p n by inserting brackets so that the valuation of the first i bracketing give 1 and the rest (n − i) bracketing give 0. The table 5 below shows the truth tables, (merged into one), for the two bracketed implications in n = 3 variables; where the corresponding case 3 truth values are denoted in green.
Proposition 6.3 Let d
#3
n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 1, such that the valuation of the first i bracketing gives 1 and the rest of (n − i) bracketing gives 0. Then,
(10)
Proof A row with the value 1, 'true', comes from an expression ψ φ, where ν(ψ) = 1 and ν(φ) = 0. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition. n } n≥0 is given by
By using Maple we find the first 25 terms of this sequence: 
Case 2
In this case we are interested in formulae obtained from p 1 . . . p n by inserting brackets so that the valuation of the first i bracketing gives 0 and the rest (n − i) bracketing give 1. The table 5 above shows the truth tables, (merged into one), for the two bracketed implications in n = 3 variables; where the corresponding case 3 truth values are denoted in red.
Proposition 6.5 Let d
#2
n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 1, such that the valuation of the first i bracketing gives 0 and the rest of (n − i) bracketing gives 1. Then,
Proof A row with the value 1, 'true', comes from an expression ψ φ, where ν(ψ) = 0 and ν(φ) = 1. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition.
, thus Case 2 coincides with Case 3. Writing this more explicitly gives us the following proposition: Proposition 6.6 The generating function for the sequence {d #2 n } n≥0 is given by
Case 1
In this case we are interested in formulae obtained from p 1 . . . p n by inserting brackets so that the valuation of the first i bracketing gives 0 and the rest (n − i) bracketing gives 0. The table 5 above shows the truth tables, (merged into one), for the two bracketed implications in n = 3 variables; where the corresponding case 3 truth values are denoted in black.
Proposition 6.7 Let d
#1
n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 1, such that the valuation of the first i bracketing gives 0 and the rest of (n − i) bracketing gives 0. Then,
Proof A row with the value 1, 'true', comes from an expression ψ φ, where ν(ψ) = 0 and ν(φ) = 0. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition.
Writing this more explicitly gives us the following proposition: Proposition 6.8 The generating function for the sequence {d #1 n } n≥0 is given by
Type 2
Definition 6.9 Let ψ, and φ be propositional variables then
For any valuation ν, ν(ψ φ) = 0 if ν(ψ) = 0 and ν(φ) = 0, 1 otherwise.
Let k n , h n be the number of rows with the value "true", and "false" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, in the type (ii), respectively. Then using theorem 3.1,
Let
, and h 1 = 1.
Case 4
This case has already been discussed in [7] , and we had the following results:
Proposition 6.10 Let h n be the number of rows with the value "false" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 2, such that the valuation of the first i bracketing gives 0 and the rest of (n − i) bracketing gives 0. Then,
The recurrence relation (14) is very well known; it is the recurrence relation for Catalan numbers. The Catalan numbers has the following generating function, and the explicit formula: Here are the truth tables, (merged into one), for the bracketed m-implications, in n = 3 variables. Where the corresponding false entries are denoted in blue: Table 6 :
.2 Case 3
In this case we are interested in formulae obtained from p 1 p 2 . . . p n by inserting brackets so that the valuation of the first i bracketing gives 0 and the rest (n − i) bracketing gives 0. The table 6 above shows the truth tables, (merged into one), for the two bracketed implications in n = 3 variables. The corresponding case 3 truth values are denoted in red.
Proposition 6.12 Let k
#3
n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 2, such that the valuation of the first i bracketing gives 0 and the rest of (n − i) bracketing gives 1. Then,
, writing the right hand side more explicitly gives the following proposition: Proposition 6.13 The generating function for the sequence {k #3 n } n≥0 is given by
Case 2
In this case we are interested in formulae obtained from p 1 p 2 . . . p n by inserting brackets so that the valuation of the first i bracketing gives 1 and the rest (n − i) bracketing gives 0. The table 6 above shows the truth tables, (merged into one), for the two bracketed implications in n = 3 variables. The corresponding case 3 truth values are denoted in green.
Proposition 6.14 Let k #2 n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 2, such that the valuation of the first i bracketing gives 1 and the rest of (n − i) bracketing gives 0. Then,
Proof A row with the value 1, 'true', comes from an expression ψ φ, where ν(ψ) = 1 and ν(φ) = 0. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition.
, writing the right hand side more explicitly gives the following proposition:
Case 1
In this case we are interested in formulae obtained from p 1 p 2 . . . p n by inserting brackets so that the valuation of the first i bracketing gives 1 and the rest (n − i) bracketing gives 1. The table 6 above shows the truth tables, (merged into one), for the two bracketed implications in n = 3 variables. The corresponding case 3 truth values are denoted in black.
Proposition 6.16 Let k
#1
n be the number of rows with the value "true" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 2, such that the valuation of the first i bracketing gives 1 and the rest of (n − i) bracketing gives 1. Then,
Proof A row with the value 1, 'true', comes from an expression ψ φ, where ν(ψ) = 1 and ν(φ) = 1. If ψ contains i variables, then φ contains (n − i) variables, and the number of choices is given by the summand in the proposition.
where h i is the sequence in (14).
, writing the right hand side more explicitly gives the following proposition: Proposition 6.17 The generating function for the sequence {k #1 n } n≥0 is given by
By using Maple we find the first 25 terms of this sequence: Let b n , s n be the number of rows with the value "true", and "false" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, in the type (iii), respectively. Then using theorem 3.1,
, and s 1 = 1.
Proposition 6.19 Let s
#3
n be the number of rows with the value "false" in the truth tables of all bracketed formulae with n distinct propositions p 1 , . . . , p n connected by the binary connective of m-implication, type 3, such that the valuation of the first i bracketing gives 0 and the rest of (n − i) bracketing gives 1. Then,
Since the recurrence relation (19), is equivalent to the recurrence relation for the sequence {f n } n≥1 , the four generating function in section 3, (starting from page 5), and the corresponding asymptotics, (starting from page 11), will appear again. Thus the reader is suggested to work these cases on his-own. In [7] we have shown that the following asymptotic results are true for the sequence {y n } n≥1 :
Theorem 7.1 Let y n be number of rows with the value false in the truth tables of all the bracketed m-implications, case(i), with n distinct variables. Then
Corollary 7.2 Let g n be the total number of rows in all truth tables for bracketed m-implications, case(i), with n distinct variables, and y n the number of rows with the value "false". Then lim n→∞ y n /g n = Proof Recall that
By using the asymptotic techniques which we have discussed in [2] and [7] , we found that r = Proof Recall that
Corollary 7.6 Let g n be the total number of rows in all truth tables for bracketed implications with n variables, then
Asymptotic for Type 2
In [7] we have shown that the following asymptotic results are true for the sequence {h n } n≥1 :
Theorem 7.8 Let h n be number of rows with the value false in the truth tables of all the bracketed m-implications, case(i), with n distinct variables. Then
Corollary 7.9 Let g n be the total number of rows in all truth tables for bracketed m-implications, case(i), with n distinct variables, and y n the number of rows with the value "false', in type 2'. Then lim n→∞ h n /g n = 0.
Proof
Theorem 7.10 Let k #1 n be number of rows with the value true in the truth tables of all the bracketed implications with n variables, type 1, case 1. Then
Corollary 7.11 Let g n be the total number of rows in all truth tables for bracketed m-implications, case(i), with n distinct variables, and k Proof Since the total probability has to add up to 1, and K 2 (x) and K 3 (x) both have the same generating function:
Corollary 7.13 Let g n be the total number of rows in all truth tables for bracketed implications with n variables, then 
Parity
Recall the recurrence relation of g n
Let a i and b i be the corresponding number of false, and truth entries in the considered truth table then:
a i a n−i , z Proof Since a i = (2 i C i − b i ) then
If an additive partition of z #1 n , is odd, then it comes as a pair; i.e.
(2
Hence, (2 i C i − b i )(2 n−i C n−i − b n−i ) + (2 n−i C n−i − b n−i )(2 i C i − b i ) ∈ E.
Thus, z #1 n can be expressed as a piecewise function depending on the parity of n:
Similarly, if an additive partition of z #2 n , is odd, then it comes as a pair; i.e.
Hence, (2 i C i − b i )f n−i + (2 n−i C n−i − b n−i )b i ∈ E.
Thus, z #2 n n can be expressed as a piecewise function depending on the parity of n:
The sequences z #3 n preserves the parity of Catalan numbers, observe that
The sequence z if n ∈ E.
For n ≥ 2 z ∈ O ⇐⇒ n = 2 i ∀i ∈ N.
